New results associated with Hermite-Hadamard inequalities for superquadratic functions are given. A set of Cauchy's type means is derived from these Hermite-Hadamard-type inequalities, and its log-convexity and monotonicity are proved.
Introduction
The following inequality:
is holding for any convex function, that is, well known in the literature as the HermiteHadamard inequality see 1, page 137 . In many areas of analysis applications of HermiteHadamard inequality appear for different classes of functions with and without weights; see for convex functions, for example, 2, 3 . Also some useful mappings are defined connected to this inequality see in 4-6 . Here we focus on a class of functions which are superquadratic and analogs and refinements of 1.1 are applied to obtain results useful in analysis. Now we present definitions, theorems, and results that we use in this paper.
The following definition is given in 7 . 
ii h is continuous and
for every u i ∈ R and every
iii h is continuous and
for every x i ∈ a, b , i 1, 2, . . . , n. 
then h is continuous function.
The next two sections are about mean value theorems, positive semidefiniteness, exponential convexity, log-convexity, Cauchy means, and their monotonicity, that are associated with Hermite-Hadamard inequalities for superquadratic functions.
Mean Value Theorems
Definition B. Let ϕ : 0, ∞ → R be an integrable function; for 0 ≤ a < b one defines a linear functional Λ ϕ as
It is clear from 1. 
Proof. Suppose that ϕ /x is bounded, that is, min ϕ /x m and max ϕ /x M. Using ϕ 1 instead of ϕ in 1.3 we get
2.5
Similarly, using ϕ 2 instead of ϕ in 1.3 we get
2.6
By combining the above two inequalities we get that there exists ξ ∈ 0, ∞ such that 2.4 holds. Moreover if for example ϕ /x is bounded from above we have that 2.5 is valid. Also 2.4 holds when ϕ /x is not bounded.
We omit the proofs of Theorems 2.4 and 2.6 as they are similar to the proofs in 9, 13-16 .
provided the denominators are not equal to zero. If K is invertible then
is a new mean.
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It is easy to check that the set of functions ϕ x x r / r r − 2 , r > 0, r / 2, x ≥ 0, satisfies Lemma 2.1. Therefore if we put ϕ x x r / r r − 2 and ψ x x t / t t − 2 in 2.8 , we have a new mean N r,t defined as follows. Definition B 1 . One defines new mean N r,t for r, t > 0, r / t and a, b > 0, a / b, as follows:
, r,t / 2.
2.9
When t goes to 2, we have
, r / 2,
2.10
where
2.11
When r goes to 2 we have
where P is defined above and
2.13
In N r,t when t goes to r, we have 
2.21
Definition C. Let ϕ : 0, ∞ → R be an integrable function, for 0 ≤ a < b. One defines a linear functional Λ ϕ as
2.22
It is clear from 1.4 Theorem 1.1 of that if ϕ is superquadratic function, then Λ ϕ ≥ 0.
Theorem 2.5. If ϕ /x ∈ C 1 I and ϕ 0 0, then the following equality holds,
Proof. Suppose that ϕ /x is bounded, that is, min ϕ /x m and max ϕ /x M. Using ϕ 1 from Lemma 2.2 instead of ϕ in 1.4 , we get
2.24
Similarly, using ϕ 2 from Lemma 2.2 instead of ϕ in 1.4 we get
2.25
By combining the above two inequalities we get that there exist ξ ∈ 0, ∞ such that 2.23 holds. Moreover if for example ϕ /x is bounded from above we have that 2.24 is valid. Also 2.23 holds when ϕ /x is not bounded. In the limiting case we have N r,2 N 2,r which is equal to
2.31
2.33
If 
2.39
3. Positive Semidefiniteness, Exponential Convexity, and Log-Convexity 
3.1
Then, with the convention 0 log 0 0, ϕ s x is superquadratic. Theorem 3.2. For Λ ϕ s defined in 2.1 one has the following. .
3.7
ii For 1 < s < 2,
iii For 2 < s < 3,
iv For 3 < s < 4,
3.10
Proof. By applying Theorem 3.2 b with 3 < 4 < s and 1 < s < 2 < 3 < 4, respectively, we get the result. 
3.13
Proof. The proof is the same as the proof of Theorem 3.2.
In the next results we use the continuity of Λ ϕ s and Λ ϕ s . When log f is convex we see that also see 13 3.21
Proof. As Λ ϕ s defined above is log-convex, Lemma 3.5 implies that for t, r, u, v ∈ R such that t ≤ v and r ≤ u we have 
